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ABSTRACT

In this research paper, we provide a comprehensive examination of the evolution and instability of relativistic stars,
emphasizing the significant impact of strong gravitational fields on various astronomical phenomena. Our study encompasses
a wide range of objects, including quasars, galactic nuclei, supernovae, and the collapse of massive stars, all analyzed within the
framework of general relativity. We focus on the stability of relativistic stars, investigating different types of instabilities, such as
hydrostatic instability, gravitational instability, and both radial and non-radial instabilities. By exploring Einstein’s field equations
and spherically symmetric solutions, we gain insights into the intricate behavior and characteristics of these compact objects.
This theoretical analysis is supported by an extensive review of relevant literature, ensuring a well-rounded understanding of the
subject. A key aspect of our research is the progression of relativistic stars through various stages on the Hertzsprung-Russell
(H-R) diagram, in contrast to main sequence stars. While solar-type stars typically end their evolution as white dwarfs, more
massive stars undergo dramatic transformations, ultimately resulting in the formation of neutron stars or black holes through
core collapse. Our findings highlight the profound role of gravity in shaping these evolutionary paths. To mathematically describe
hydrostatic equilibrium within relativistic stars, we derive the Tolman-Oppenheimer-Volkoft (TOV) equation. By obtaining
numerical solutions to the TOV equation, we explore critical density thresholds and the maximum masses that these objects can
sustain. This analysis sheds light on the conditions under which relativistic stars can exist and the implications for their life cycles.
For our computational analyses, we utilized Python, allowing for efficient modeling and simulation of various scenarios related to
star stability and evolution. The results of our study contribute valuable insights into the complex interplay between gravitational
forces and stellar dynamics, enhancing our understanding of the life cycles of relativistic stars.

Keywords: Relativistic stars; Gravitational fields; General relativity; Evolution; Instability; Quasars; Galactic nuclei; Supernovae;
Massive stars

universe but also provides insights into the nature of gravity
itself.

Introduction

Relativistic star evolution and instability are fascinating

subjects that delve into the profound effects of general relativity
on the behavior of matter and energy in extreme gravitational
fields. While most stars in the universe are well-described by
classical physics, there exist astrophysical objects, such as
neutron stars and black holes, where relativistic effects become
dominant. Understanding the evolution and instability of these
relativistic stars not only sheds light on the mysteries of the

Relativistic star evolution and instability are intimately
connected to the profound effects of general relativity on the
behavior of matter and energy in extreme gravitational fields'.
While the majority of stars in the universe are well-described
by classical physics, there exist astrophysical objects, such as
neutron stars and black holes, where relativistic effects become
dominant. Understanding the evolution and instability of these
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relativistic stars is crucial for unraveling the mysteries of the
universe and the nature of gravity itself.

General relativity, formulated by Albert Einstein, provides a
geometric description of gravity as the curvature of spacetime
caused by mass and energy (Einstein, 1915)". In the context
of stellar evolution, general relativity plays a significant role
in determining the structure, dynamics and ultimate fate of
relativistic stars. The intense gravitational fields near these stars
cause spacetime to deform, leading to unique phenomena such
as time dilation, gravitational redshift and gravitational waves.

Relativistic stars, such as neutron stars, are born from the
remnants of massive stellar explosions known as supernovae?.
These stars are incredibly dense, with matter packed tightly
together, resulting in extreme gravitational fields. General
relativity becomes essential in describing the behavior of matter
within these stars, as well as their evolution over time. The
interplay between gravity, nuclear physics and thermodynamics
shapes the structure and properties of relativistic stars.

Relativistic stars can exhibit various instabilities, which
arise from the delicate balance between gravity and other
physical processes’. One of the most well-known instabilities
is gravitational collapse, where the inward pull of gravity
overwhelms the outward pressure support, leading to the
formation of a black hole. This process is thought to occur in the
final stages of massive star evolution or in the core of a neutron
star that exceeds its maximum mass limit.

Pulsations are another form of instability observed in
relativistic stars®. These pulsations can manifest as oscillations in
the star’s structure, resulting in periodic variations in luminosity
or emission of gravitational waves. Pulsating relativistic stars,
such as pulsars, provide valuable insights into the interior physics
of these extreme objects and serve as gravitational wave sources
for detection by observatories such as LIGO and VIRGO*.

Supernova explosions, which mark the violent deaths of
massive stars, are also closely tied to relativistic effects’. The
collapse of a massive star’s core triggers a supernova explosion,
releasing an enormous amount of energy and creating a neutron
star or a black hole. The dynamics of these explosions involve
complex hydrodynamics, nuclear reactions and relativistic
effects, making them fascinating subjects of study.

The study of relativistic star evolution and instability relies
on a combination of observational data, theoretical models and
numerical simulations®. Observations of pulsars, X-ray binaries
and gravitational wave sources provide valuable insights into
the properties and behavior of relativistic stars. By analyzing
the electromagnetic radiation, timing signals and gravitational
wave signatures, astronomers can infer the physical processes
occurring within these objects.

Theoretical models, based on general relativity and the laws
of physics, provide a framework for understanding the behavior
of relativistic stars’. These models incorporate equations of state,
nuclear reactions and hydrodynamics to simulate the evolution
and stability of relativistic stars. Numerical simulations,
utilizing advanced computational techniques, allow researchers
to explore the complex dynamics and interactions within these
extreme environments.

While significant progress has been made in understanding
relativistic star evolution and instability, several open questions
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remain®. The nature of the equation of state for dense matter in
neutron stars, the mechanism behind supernova explosions and
the behavior of matter under extreme conditions are active areas
of research. Additionally, the detection and characterization
of gravitational waves from pulsating relativistic stars present
exciting opportunities for future exploration’.

Statement of the Problem

Under normal stars, stars of size comparable to that of the
Sun, the evolution continues in a relatively stable equilibrium
phase change until the end of the star’s life. But, in stars of
giant masses this normal evolution does not work. There are
anomalies from one phase to another phase change state, Gravity
and radiation back-reaction play roles, but due to complicated
physical interactions there is still unresolved issues to establish
full theory of these kind of stars.

Relativistic Star Evolution and Instability

Relativistic star evolution and instability have been the subject
of extensive research in astrophysics, as they provide insights
into the behavior of matter and energy in extreme gravitational
fields. This literature review aims to summarize the key findings
and advancements in understanding the evolution and instability
of relativistic stars, with a focus on neutron stars and black holes.
The review will cover observational studies, theoretical models
and numerical simulations that have contributed to our current
understanding of these fascinating astrophysical objects.

Observational studies

Observational studies have played a crucial role in advancing
our knowledge of relativistic star evolution and instability.
Pulsars, which are rapidly rotating neutron stars, have been
extensively studied to understand their pulsations and the
physics governing their behavior. Observations of pulsar timing
signals have provided valuable insights into the interior structure
and dynamics of these extreme objects'”.

In addition to pulsars, X-ray binaries have also been studied
to investigate the properties of relativistic stars. X-ray emissions
from these binaries provide information about the accretion
processes onto compact objects, such as neutron stars and
black holes. By analyzing the X-ray spectra and variability,
astronomers have gained insights into the accretion physics and
the behavior of matter in the vicinity of relativistic stars'’.

Gravitational wave observatories, such as LIGO and VIRGO,
have revolutionized the field of astrophysics by enabling the
detection of gravitational waves. These waves, generated by the
mergers of compact objects like neutron stars and black holes,
carry valuable information about the properties and behavior
of relativistic stars. The detection of gravitational waves has
provided direct evidence for the existence of binary black
hole systems and has opened up new avenues for studying the
dynamics and evolution of relativistic stars'’.

Theoretical models

Theoreticalmodelsbasedongeneralrelativityandthelawso
fphysicshavebeendeveloped to understand the behavior of
relativistic stars. These models incorporate equations of state,
which describe the relationship between pressure, density and
temperature, to simulate the structure and evolution of these
extreme objects. The equation of state for dense matter in
neutron stars is a crucial component of these models and is still
an active area of research'?.
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Theoretical models have also been used to study the stability
and instabilities of relativistic stars. Gravitational collapse,
where the inward pull of gravity overcomes the outward pressure
support, leading to the formation of a black hole, has been
extensively studied using theoretical models. These models have
provided insights into the conditions under which gravitational
collapse occurs and the resulting properties of the formed black
holes®.

Pulsationsinrelativisticstarshavebeenanotherfocusoftheore
ticalmodeling. Oscillations in the structure of relativistic stars
can result in periodic variations in luminosity or the emission
of gravitational waves. Theoretical models have been developed
to understand the different modes of pulsations and their
implications for the interior physics of relativistic stars’.

Numerical simulations

Numerical simulations have become an essential tool for
studying the dynamics and interactions within relativistic stars.
These simulations utilize advanced computational techniques
to solve the equations of general relativity and incorporate the
laws of physics governing the behavior of matter. Numerical
simulations have been instrumental in understanding the
hydrodynamics, nuclear reactions and relativistic effects
involved in supernova explosions and the formation of neutron
stars and black holes’.

By simulating the evolution of relativistic stars, numerical
simulations have provided insights into the processes that
shape their structure and behavior. They have also been
used to study the effects of different parameters, such as the
equation of state and the initial conditions, on the evolution and
stability of relativistic stars. Numerical simulations have been
crucial in validating theoretical models and providing a more
comprehensive understanding of the complex dynamics of
these extreme objects. Relativistic star evolution and instability
have been studied in several papers. One paper investigates
the generation of new exact solutions to the Einstein-Maxwell
field equations for charged anisotropic stellar objects with three
interior layers.

Another paperpresentstheexpectedobservationalpropert
iesofageneralrelativisticinstability supernova (GRSN) from
primordial supermassive stars. The Weibel instability is also
explored using relativistic intense short laser pulses, with a focus
on its role in astrophysical collision less shocks. Additionally, the
behavior of metal-enriched supermassive stars collapsing due to
the general relativistic radial instability during hydrogen burning
is investigated, including their potential for explosion and
nucleosynthesis. These studies contribute to our understanding
of relativistic star evolution and the mechanisms that can lead to
instability and explosive events in astrophysical systems.

Derivation of the TOV (Tolman-Oppenheimer-Volkoff)

The derivation of the TOV (Tolman-Oppenheimer-Volkoff)
equation, which describes the equilibrium structure of a self-
gravitating, spherically symmetric and static star within the
framework of general relativity:

Step 1: Start with the Einstein field equations:
(D

where GMV is the Einstein tensor and T " is the stress-energy
tensor.

Guv = 8nTuv
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Step 2: Assume a spherically symmetric and static metric for
the star:

ds2 = —e2®(r)di2 + e2A(r)dr2 + r2(d62 + sin2 6de2) (2)
where ®(7) and A(r) are functions of the radial coordinate 7.
Step 3: Consider a perfect fluid as the matter content of the star:

(€)

where p is the energy density, P is the pressure, u, is the four-
velocity of the fluid and g, is the metric tensor.

T .=+ Puu+Pg,

Step 4: Use the metric and stress-energy tensor in the Einstein
field equations to obtain the following equations:

Git = 8nTtt

Grr=8nTrr

GO0 = 8nT0O0

Gog = 8nTog

Step 5: Solve the Einstein equations to derive the TOV equation.
By equating the components, we find:

ﬂw%l_mwuz&@+mﬁmwi+mwvzwp
(5)

rl r r2 r

where A%(r) and ®°(r) represent the derivatives of A(r) and ®(7)
with respect to .

Step 6: Combine the two equations to eliminate A°() and obtain
the TOV equation:

ar _
dr

(p+ P)(m + 473 P)
r(r —2m)

(6)
where m is the mass enclosed within a radius .

Step 7: Solve the TOV equation with appropriate boundary
conditions. The central boundary condition is P(»=0)= P , where
P _is the central pressure and the surface boundary condition is
P(r=R) =0, where R is the radius of the star.

Step 8: Analyze the solution of the TOV equation to understand
the equilibrium structure of the star.

The solution provides information about how the pressure,
energy density and mass distribution vary with radius and it
allows for the determination of the maximum mass a star can
have before collapsing under its own gravitational pull.

By deriving and solving the TOV equation, we can gain
insights into the properties and behavior of compact objects,
such as neutron stars and white dwarfs, which are governed
by the principles of general relativity and the physics of dense
matter.

Methodology of Study

In this section, we will discuss the methodology employed
in the study of relativistic stars, specifically focusing on the
process of deriving the TOV equation and implementing it to
obtain boundary conditions for these stars. We will also explore
how simplified analytical equations are derived to interpret
the results and simulate observations. Additionally, we will
highlight the use of Python software for numerical analysis and
LaTeX for document processing. The methodology begins with
the field equations, which are fundamental equations in general
relativity that describe the behavior of spacetime in the presence
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of matter and energy. These equations provide a mathematical
framework to understand the gravitational interactions within
relativistic stars. By solving the field equations, one can obtain
the TOV equation, named after Tolman, Oppenheimer and
Volkoff, which is a key equation in relativistic astrophysics.
The TOV equation takes into account the balance between the
gravitational force and the pressure gradient within a relativistic
star. It provides insights into the internal structure and properties
of these objects. To derive the TOV equation, one must consider
the assumptions and approximations appropriate for the system
under study. These may include assumptions about the equation
of state of the matter, the symmetry of the star and other physical
properties.

Once the TOV equation is derived, it is implemented to
obtain the boundary conditions for relativistic stars. Boundary
conditions are necessary to ensure that the solutions obtained
from the TOV equation accurately represent the physical
properties of these stars. The boundary conditions are derived
by considering the behavior of matter at the surface of the
star, where the pressure drops to zero and the density becomes
negligible compared to the surrounding vacuum.

With the appropriate boundary conditions in place, more
simplified analytical equations can be derived to interpret the
results and simulate observations. These analytical equations
provide a concise representation of the complex numerical
solutions obtained from the TOV equation. They allow
researchers to gain a deeper understanding of the physical
processes occurring within relativistic stars and facilitate the
comparison between theoretical predictions and observational
data.

Numerical analysis plays a crucial role in studying relativistic
stars. Python software, with its extensive libraries and tools for
scientific computing, is commonly used for numerical analysis
in this field. Python provides efficient algorithms and numerical
methods to solve the TOV equation and perform simulations of
relativistic star evolution. It allows researchers to analyze and
visualize the results, making it easier to interpret the complex
dynamics of these objects.

In addition to numerical analysis, document processing is
an essential aspect of scientific research. LaTeX, a typesetting
system, is often used for document preparation in the field of
astrophysics. LaTeX provides a powerful and flexible platform
for writing scientific papers, including mathematical equations,
figures and tables. It ensures high-quality typesetting and allows
researchers to present their work in a clear and professional
manner.

Results and Discussion

In this thesis, we analyzed the results of our research and
discussed the implications and significance of the findings. We
explored the evolution of relativistic stars in relation to main
sequence stars in the Hertzsprung-Russell (H-R) diagram and
examined the influence of gravity on the evolution of these
celestial objects.

Evolution of relativistic stars in relation to that of main
sequence stars in the H-R diagram

We have studded H-R diagram, also known as the
Hertzsprung-Russell diagram, served as a valuable tool for
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astronomers to categorize and comprehend stars. It illustrated the
brightness (luminosity) of stars against their surface temperature.
This diagram provided fascinating insights into the life cycle of
stars. We delved into the evolution of relativistic stars, which
were intensely compact celestial objects that had undergone
significant transformations. These transformations included the
formation of white dwarfs, neutron stars and black holes. Similar
to main sequence stars, relativistic stars began their journey as
gas and dust clouds dispersed in space. Gravity gradually caused
these clouds to collapse, leading to the formation of a protostar.
As the protostar continued to collapse, its core temperature rose,
triggering nuclear fusion and giving birth to a main sequence
star.

However, what distinguished relativistic stars was what
occurred subsequently. Main sequence stars, such as our Sun,
eventually depleted their fuel and entered the red giant phase.
During this phase, the star expanded and cooled down. The outer
layers of the star were expelled, creating a stunning glowing shell
called a planetary nebula. The remaining core was referred to as
a white dwarf, which belonged to the class of relativistic stars.
Whited wharfs possessed remarkable density, as the ir mass
was compressed into a small volume. They no longer produced
energy through fusion and gradually cooled down over billions
of years, ultimately growing dimmer and fading away. But wait,
there was more Some relativistic stars, particularly those with
high mass, underwent an even more astonishing transformation.
When a main sequence star exhausted its nuclear fuel, it could
have collapsed under its own gravitational pull, resulting in the
formation of a neutron star or a black hole.

Neutron stars were incredibly dense, composed mainly of
densely packed neutrons. Their gravity was so immense that a
teaspoon of matter from a neutron star would weigh as much as a
mountain on Earth. On the other hand, black holes were regions
in space where gravity was incredibly intense, preventing
anything, including light, from escaping.

Now, let’s derive the equation utilized in the H-R diagram. It
was crucial to remember that luminosity depended on both the
surface temperature and radius of a star.

The equation was as follows:

L=4nRZcT4
were
* - L represents the luminosity, which is the total amount of

energy emitted by an object per unit time.

* 7 denotes the mathematical constant pi (approximately
3.14159).

*  Rrepresents the radius of the object.

*  Zrepresents the atomic number, which refers to the number
of protons in an atomic nucleus.

* o represents the Stefan-Boltzmann constant, which is
approximately 5.67 x 10—8

* m2W-K4.

* T represents the temperature of the object.

This equation is derived from the Stefan-Boltzmann
law, which states that the total power radiated by an object is
proportional to the fourth power of its temperature and surface
area. The constant 4nR in the equation accounts for the spherical
shape of the object.
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The equation we provided relates the luminosity (L) to the
radius (R), atomic number (Z), Stefan-Boltzmann constant (o)
and temperature (T).

This equation indicates that luminosity increases with
temperature and the square of the radius.

By plotting stars on the H-R diagram using this equation,
astronomers can classify them into various stages of their
evolution.

Hertzsprung-Russell Diagram
50000 18

10000

log10{Luminosity}

1000
i a
»

20 a0 60 80 100
Radius (R)

Figure 1: Plotted H-R diagram.

The plots show that on the plotted H-R diagram, the x-axis
represents the radius of stars (R) and the y-axis represents the
surface temperature (T) of stars. The color gradient represents
the logarithm base 10 of the star’s luminosity (log10(L)).

Stars located towards the top-left corner of the diagram are
typically large in radius and hot in temperature. These are young
and massive stars, often found in the main sequence phase of
their evolution.

As we move towards the bottom-right corner of the diagram,
stars become smaller in radius and cooler in temperature. These
stars are either evolved giants, whited wharfs, neutron stars or
black holes. The diagonal line running from top-left to bottom-
right is known as the main sequence. It represents stars that are
fusing hydrogen in their cores, like our Sun. Stars above the
main sequence are giants or super giants, while stars below the
main sequence are white dwarfs.

This diagram allows astronomers to classify stars based on
their evolutionary stage. It provides insights into the life cycle of
stars, from the protostar stage to the formation of white dwarfs,
neutron stars and black holes.

The influence of gravity on the evolution of relativistic stars

We studied the evolution of relativistic stars and we found that
it was profoundly influenced by the force of gravity. Relativistic
stars, also known as compact objects, encompassed white
dwarfs, neutron stars and black holes. These objects exhibited
high densities and powerful gravitational fields, which arose
from their immense masses. Gravity had a significant impact
on the evolution of relativistic stars and we comprehended this
through the following mechanisms:

»  Stellar Collapse: Gravity initiated the collapse of massive
stars during their later stages of evolution. As a star
consumed its nuclear fuel, the outward pressure generated
by nuclear reactions diminished. At that point, gravity took
over, causing the star to collapse inward due to its own
gravitational pull. This collapse led to the formation of a
neutron star or, in the case of more massive stars, a black
hole.
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*  Hydrostatic Equilibrium: Gravity maintained hydrostatic
equilibrium within relativistic stars. Simply put, this
equilibrium occurred when the inward gravitational
force was balanced by the outward pressure force. The
intense gravitational force exerted by the compact object
compressed its matter, resulting in a core of high density.
Thiscoregeneratedastrongpressuregradientthatopposedgra
vitationalcollapse, halting the star from further collapsing.

*  General Relativity: Relativistic stars abided by Einstein’s
theory of general relativity, which described gravity as the
curvature of spacetime as a result of massive objects. General
relativity predicted that the intense gravitational field near a
relativistic star distorted space and time significantly. This
distortion affected the behavior of matter and energy within
the star, influencing its evolution and dynamics.

*  Compact Object Formation: Gravity determined the ultimate
fate of a collapsing star, dictating whether it became a white
dwarf, a neutron star or a black hole. The star’s mass played
a crucial role in this process. If the mass was below a specific
threshold, the star transformed into a white dwarf, sustained
by electron degeneracy pressure. If the mass surpassed this
threshold, gravitational collapse persisted, resulting in the
formation of a neutron star or a black hole.

In conclusion, gravity strongly influenced the evolution
of relativistic stars through the initiation of stellar collapse,
maintenance of hydrostatic equilibrium, adherence to the
principles of general relativity and determination of the final
outcome of the collapsing star. Understanding how gravity
shaped the evolution of relativistic stars was vital for unraveling
the enigmas of the universe and advancing our knowledge of
astrophysics.

To understand the relationship between mass, radius and
escape velocity, we derived the equation for escape velocity
using the concept of gravitational potential energy.

Let’s consider a relativistic star of mass M and radius R. The
gravitational potential energy can be expressed as:

oo ()

Here, m represents the mass of an object near the surface of
the star.

To calculate the escape velocity, we equate the gravitational
potential energy to the kinetic energy at the surface of the star:
1
2

Setting the two equations equal to each other, we have:

M- -m 1 9
‘G‘(T)_E'm'“

Simplifying the equation, we get:

L 2eM
B R

This equation represents the escape velocity of a relativistic
star as a function of its mass (M) and radius (R). Now, let’s plot
this equation to visualize the relationship between mass, radius
and escape velocity.
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Figure 2: The plot of Relativistic star Evolution, Gravity and
Escape velocity
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The plotted graph, the x-axis represents the mass of the star
(in solar masses) and the y-axis represents the radius of the star
(R). The color gradient represents the escape velocity (in km/s)
of the star due to its gravitational pull.

Escape velocity is the minimum velocity required to escape
the gravitational pull of an object. In the context of relativistic
stars, it helps us understand the impact of gravity on their
evolution.

As we move towards higher masses and smaller radii on
the graph, the escape velocity increases. This signifies that
the gravitational pull becomes stronger in more massive and
compact relativistic stars. The escape velocity plays a crucial
role in determining the fate of a relativistic star. If the escape
velocity exceeds the speed of light (3e8 m/s), it becomes a black
hole, where gravity is incredibly intense and nothing, not even
light, can escape.

On the other hand, if the escape velocity is below the speed
of light, the star may become a neutron star, where the immense
gravitational forces compress the matter into an extremely dense
state composed mainly of neutrons. This graph allows us to
visualize how gravity affects the evolution of relativistic stars,
offering insights into the formation of neutron stars and black
holes.

Derivation of the Tolman-Oppenheimer-Volkoff Equation

Tolman-Oppenheimer-Volkoff (TOV) equation The TOV
equation describes the equilibrium structure of compact objects
under their own gravitational field. It encompasses the effects of
general relativity and hydrostatic equilibrium. Here it is:

GU%%P)Gn+ﬁ%2>

)

ar
dr

d
d—T = 47r7"2p

Let’s break it down, the first equation represents the pressure
dP

gradient with respect to the radial distance (‘dr). It depends on
various terms involving physical quantities:

* G represents the gravitational constant.
*  pstands for the energy density.
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* P denotes the pressure.
* mrepresents the mass enclosed within a radius r.
* ¢ symbolizes the speed of light.

dm
The second equation describes the change in mass (dr ) with

respect to the radial distance. It is proportional to the surface
area of a sphere with radius » and the energy density (p).

Solving the TOV equation is not easy task, Due to its
complexity, obtaining analytical solutions is often impossible.
Instead, scientists resort to numerical methods and computational
simulations to explore the internal structure and properties of
compact objects. These solutions provide valuable insights
into t behavior of matter under extreme conditions, such as the
maximum mass a neutron star can sustain before collapsing into
a black hole.

The TOV equation plays a vital role in advancing our
understanding of stellar evolution, neutron stars and the behavior
of matter in astrophysical environments. Its implications are
far-reaching and contribute to our knowledge of the vast cosmos.

Start with the spherically symmetric metric:
ds2 = —ev(r)dt2 + eM(r)dr2 + r2dQ2

where v(r) and A(r) are functions of the radial coordinate r
and dQ2 is the metric on the unit 2-sphere.

Consider a perfect fluid as the source of the gravitational field.
The energy momentum tensor for a perfect fluid is given by:

Tuv = (p + P)upuv — Pguv
where p is the energy density, P is the pressure and up is the fluid
-fvelocity.

The Einstein field equations reduce to two independent equations:

(i) The radial equation (r component):

1 +1@—8
r2 " rdr e

(ii) The tangential equation (0 and ¢ components):
1d 1 1did
e>‘< V+—————V>:87TP

P e - PR
Assume hydrostatic equilibrium, i.e., the pressure inside the
star balances the gravitational force. This implies that the fluid is
at rest, so the 4-velocity is

ut = e v/28Y

Integrate the tangential equation (ii) to obtain an expression for
ev:

JZQ_%W»*

where m(r) is the mass contained within a radius r, given by:

m(r) = 4n /O " p(@)ztda

Substitute the expression for ev into the radial equation (i):
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d
L 47rr2p

dr

This equation relates the mass m(r) to the energy density p.

Finally, differentiate the expression for m(r) with respect to
r and substitute it into the radial equation to obtain the Tolman-
Oppenheimer-Volkoff equation:

EZ_(P—O—P)m 1+47rPr3 1_@ .
dr 272 m 7

This is the Tolman-Oppenheimer-Volkoff equation, which
describes the equilibrium structure of a star. The plot represents
the relationship between pressure and gravity in the TOV
equation. The x-axis represents the pressure values, while the
y-axis represents the corresponding gravity values.

This plot provides a visual representation of the TOV
equation, showing how pressure and gravity are related within
the context of the equation. It gives us insights into the behavior
of compact objects and their equilibrium structure under
gravitational forces.

Tolman-Oppenheimer-Volkoff Equation

T
0.0 0.5 1.0 15 2.0 2.5 3.0 3.5 4.0
Pressure

Figure 3: the relationship between pressure and gravity in the
TOV equation.

Instability conditions to relativistic stars in the course of
their evolution

In our study, we investigated the instability conditions
encountered by relativistic stars during their evolution. We
explored the delicate balance between gravitational forces and
internal forces that can lead to instabilities. Let’s derive the
equation of instability conditions for relativistic stars:

The equation of instability conditions for a relativistic star
is derived by considering the equilibrium between gravitational
forces, pressure and energy density within the star. This equation
can be expressed as:

Fgrav > Fpressure + Fenergy density

Here, F,  represents the gravitational force exerted on the
star, F__ .. represents the pressure force opposing gravitational
collapse and F oy density represents the force associated with
the energy density of the star.

To determine the specific form of this equation, we need to
consider the relevant physical processes and equations governing
the behavior of relativistic stars. This involves analyzing the
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equation of state, the Tolman-Oppenheimer-Volkoff equation
and other relevant equations derived from general relativity.

By solving and analyzing this equation, we can determine
the conditions under which relativistic stars become unstable
and undergo significant changes in their structure, dynamics
and fate. Understanding these instability conditions is crucial
for advancing our knowledge of the universe and the intricate
processes occurring within relativistic stars.

In conclusion, our research focused on studying and deriving
the equation of instability conditions for relativistic stars.
This equation allows us to analyze the equilibrium between
gravitational forces, pressure and energy density within these
stars and provides valuable insights into their evolution and
behavior.
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where:
* represents the rate of change of mass (M) with respect to

radial distance (r).

*  4nr2 is the surface area of a sphere with radius r.

*  g(r) denotes the energy density at a given radius.

* G represents the gravitational constant.

*  M(r) represents the mass enclosed within a radius .
*  cdenotes the speed of light.

This equation describes the relationship between the rate
of change of mass, the surface area of the sphere, the energy
density and the effects of gravity and relativistic corrections.
It is commonly used in astrophysics to study the structure and

behavior of compact objects, such as neutron stars and black
holes.
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Figure 4: Rate of Change of Mass with Respect to Radius

The plotted graph, the x-axis represents the radius of the
star (in meters) and the yaxis represents the rate of change of
mass with respect to radius (in kg/m2). This graph illustrates the
instability conditions of relativistic stars during their evolution.

The rate of change of mass with respect to radius helps us
understand how the mass of a relativistic star varies as we move
across its radius. As we move towards larger radius values on the
graph, the rate of change of mass decreases. This indicates that
the mass of the star increases at a slower rate towards the outer
regions of the star.
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Conversely, as we move towards smaller radius values, the
rate of change of mass increases. This signifies that the mass of
the star increases at a faster rate towards the inner regions of the
star.

The rate of change of mass with respect to radius is a crucial
factor in determining the stability of relativistic stars during their
evolution. It provides insights into how the mass distribution
changes as we move across the radius and helps us identify
regions of instability or rapid mass growth.

This graph allows us to visualize and understand the
instability conditions of relativistic stars during their evolution.

Summary and Conclusions
Summary

In our thesis, we examined the evolution and instability of
relativistic stars through various stages, including formation,
the main sequence and their final outcomes. We emphasized
that general relativity governed all aspects of these stars due to
the extreme densities they attained. Equilibrium solutions were
obtained by utilizing the Tolman-Oppenheimer-Volkoff (TOV)
equations coupled with polytropic equations of state (EOS).

We discussed how instability arose when gravity
overwhelmed pressure support, which was indicated by
critical mass limits derived from the TOV equations and the
Chandrasekhar equations. Beyond these limits, radial collapse
occurred. We also explored non-radial pulsations triggered by
rotation, magnetic fields or accretion, as well as radial instability
modes involving bulk shape changes.

Throughout our research, we emphasized that understanding
the evolution of relativistic stars provided insights into
observational phenomena and helped unravel puzzles in
astrophysics. Additionally, we highlighted the theoretical
contributions of our work to fields such as gravitational wave
astronomy and high-energy astrophysics. Here is a summary of
the key points our thesis:

*  The evolution of relativistic stars is described in relation to
main sequence stars on the H-R diagram. Relativistic stars
progress through different evolutionary phases influenced
by general relativity, unlike main sequence stars.

*  Gravityplaysasignificantroleinshapingtheevolutionofrelati
visticstars. Initiates stellar collapse, maintains hydrostatic
equilibrium balance and determines stellar endpoints based
on field strength.

*  Equilibrium configurations are derived by solving Einstein’s
field equations coupled with hydrostatic balance equations
like TOV. Polytropes provide simple numerical solutions.

* Instability arises when gravity overwhelms pressure
support, as indicated by critical mass limits from TOV
and Chandrasekhar equations. Beyond these limits, radial
collapse ensues.

*  Both radial instability modes involving bulk shape changes
and non-radial pulsations from rotation, magnetic fields or
accretion are examined.

» Instability conditions are derived using perturbation

analysis, post-Newton an approximations and variational
method.

Understanding relativistic star evolution aids in explaining
observational phenomena and unraveling puzzles in astrophysics.
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Conclusion

In our thesis, we concluded that the study of relativistic stars
and their evolution was crucial for understanding the life cycle
of stars and the behavior of matter under extreme conditions. We
emphasized the importance of the Hertzsprung Russell diagram,
which provided valuable insights into the categorization and
comprehension of stars. Relativistic stars, including white
dwarfs, neutron stars and black holes, underwent significant
transformations throughout their evolution.

We discussed the equation utilized in the H-R diagram,
which was derived from the Stefan-Boltzmann law. This
equation related luminosity to surface temperature and radius,
allowing astronomers to classify stars into different stages of
their evolution.

Furthermore, we highlighted the profound influence of gravity
on the evolution of relativistic stars. Gravity played a crucial
role in determining the collapse of massive stars, maintaining
hydrostatic equilibrium and adhering to the principles of
general relativity. We also mentioned the Tolman-Oppenheimer-
Volkoff equation, which played a vital role in understanding the
equilibrium structure of compact objects.

Overall, our research deepened our understanding of stellar
phenomena and the vast cosmos by studying relativistic stars
and the profound influence of gravity on their evolution.
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