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ABSTRACT

Schizophrenia is a very debilitating illness that affects many people in the world and is caused by abnormal neural activities
in the brain. The dynamics of this neural activity in neurons is very complex and nonlinear and it is important to understand
the nonlinearity and develop strategies to control the neurons as effectively as possible. In this work, bifurcation analysis and
multiobjective nonlinear model predictive control is performed on a Schizophrenia Model. Bifurcation analysis is a powerful
mathematical tool used to deal with the nonlinear dynamics of any process. Several factors must be considered and multiple
objectives must be met simultaneously. The MATLAB program MATCONT was used to perform the bifurcation analysis. The
MNLMPC calculations were performed using the optimization language PYOMO in conjunction with the state-of-the-art
global optimization solvers IPOPT and BARON. The bifurcation analysis revealed the existence of a Hopf bifurcation point and
a limit point. The MNLMC converged to the utopia solution. The Hopf bifurcation point, which causes an unwanted limit cycle,
is eliminated using an activation factor involving the tanh function. The limit points (which cause multiple steady-state solutions
from a singular point) are very beneficial because they enable the Multiobjective nonlinear model predictive control calculations
to converge to the Utopia point (the best possible solution) in the model.
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Background discuss the alpha rhythm and hypofrontality in schizophrenia.
Lynall, et al.® discuss the functional connectivity and brain
networks in schizophrenia. Camchong, et al.’, researched the
altered functional and anatomical connectivity in schizophrenia.
Kanahara, et al.'’ studied the orbitofrontal cortex abnormality and
deficit schizophrenia. Cui, et al."! described the anterior cingulate
cortex-related connectivity in first-episode schizophrenia and
performed a spectral dynamic causal modeling study with
functional magnetic resonance imaging. Duan, et al.'? performed
a longitudinal study on intrinsic connectivity of hippocampus
associated with positive symptom in first-episode schizophrenia.
Guo, et al.”’, describe the abnormal causal connectivity by
structural deficits in first-episode, drug-naive schizophrenia

Gothelf, et al.', provided evidence for the involvement of
the hippocampus in the pathophysiology of schizophrenia.
Harrison, et al.” discussed Schizophrenia genes, gene expression
and neuropathology on the matter of their convergence. Jalili,
et al.’, describe the dysconnection topography in schizophrenia
revealed with state-space analysis of EEG. Rolls, et al.*
discussed the various computational models of schizophrenia
and dopamine modulation in the prefrontal cortex. Fornito, et al.’
describe the anatomical abnormalities of the anterior cingulate
cortex in schizophrenia. Heckers® describe the neuroimaging
studies of the hippocampus in schizophrenia. Knyazeva, et al.”
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at rest. Sarpal, et al.'* researched the antipsychotic treatment
and functional connectivity of the striatum in first-episode
schizophrenia. Sheffield, et al.'” discuss cognition and resting-
state functional connectivity in schizophrenia. Lin, et al.'®
discuss the functional dysconnectivity of the limbic loop of front
striatal circuits in first-episode, treatment-naive schizophrenia.
Ahn'” targeted reduced neural oscillations in patients with
schizophrenia by transcranial alternating current stimulation.
Szalisznyo, et al.'® researched the dynamics in co-morbid
schizophrenia and OCD using a computational approach. Hua,
et al."” investigated the disrupted pathways from limbic areas to
thalamus in schizophrenia highlighted by whole-brain resting-
state effective connectivity analysis. Gangadin®® worked on the
reduced resting state functional connectivity in the hippocampus-
midbrain-striatum network of schizophrenia patients. Chen,
et al.”! performed a bifurcation analysis of brain connectivity
and regulated neural oscillations in Schizophrenia. In this
work, bifurcation analysis and multiobjective nonlinear model
predictive control is performed on the Schizophrenia Model*'.
The paper is organized as follows. First, the model equations are
presented, followed by a discussion of the numerical techniques
involving bifurcation analysis and multiobjective nonlinear
model predictive control (MNLMPC). The results and discussion
are then presented, followed by the conclusions.

Model Equations’'

In this model, the variables
cv,ov, pv, av,tv,vv,dv, hv, O, represent the neuronal
populations in the anterior cingulate cortex orbitofrontal cortex,
dorsolateral prefrontal cortex, amygdala, thalamus, ventral
striatum, dorsal striatum, hippocampus and VTA/substantia
nigra pars.

The model equations are

M:,zp(w) + mp(ov+av+tv)+vp(pv)+hlp(hv) + !

u (ew((-u(ev-5)+0.3)]
dov) . l
a\9vy__ hlp(h

7 ip(ov)+ mp(av+lv)+ p( V)+(exp((_ﬂ(ov—6))+0.5))
d(pv) !
——==—np(pv)+ mp(ov+tv)+h2p(hv)+

- (ov+) (exp((~s(pv-0))+03))
dfa)__ . :

e ap(av)+ mp (hv+tv+delv) ’p(0v+cv)+(gxp((_”(av_‘s))+0'5))
%:—np(rvﬂ mp(ov+ev+ py+av+dv+hv)+1 /(exp((—/t(tv—&))+0.5))
d(vv)

o =—np(w)+ yp(cv)+blp(ov)+ b2 p(av)+mp(tv) + jp(dv) — gp(d) +
1
(exp((—,u(vv—&))+ 0.5))
d (dv) =—np(dv)+ yp(cv)+blp(ov)+b2 p(av)+ mp(lv + pv) +kp(vw) - gp(d) +
1

(exp((fmu(dvfé))Jr 0.5))

d (hv) =-np(hv)+mp (lv +cv+ov+ av) +ep(pv)+

1

(exp((—,u(hv— 5))+ 0.5))

@;_np(5)+mp(tv+cv+ov+av+hv)

The base parameter values are
up=0.Lvp=15jp=Lkp=Lep=03; yp=02blp=1;b2p=1gp=0.7;
np=14Ilp=3ip=14ap=1.4; mp=0.5rp=2hlp=0.712p=0.6; u=0.1

Ip and ap are the bifurcation parameters and the control
values.
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Bifurcation Analysis

The MATLAB software MATCONT is used to perform
the bifurcation calculations. Bifurcation analysis deals with
multiple steady-states and limit cycles. Multiple steady states
occur because of the existence of branch and limit points.
Hopf bifurcation points cause limit cycles. A commonly used
MATLAB program that locates limit points, branch points and
Hopf bifurcation points is MATCONT?>*. This program detects
Limit points (LP), branch points (BP) and Hopf bifurcation
points(H) for an ODE system.

dx
E - f(xaa)

x € R" Let the bifurcation parameter be & . Since the
gradient is orthogonal to the tangent vector,

The tangentplane atany point W= [Wl s Wy s Way Wyy ool W, ]
must satisfy
Aw=0
Where A is

A=[of /éx |of /da]

where Jf / Ox is the Jacobian matrix. For both limit and
branch points, the Jacobian matrix J =[Jf /Ox] must be
singular.

For a limit point, there is only one tangent at the point of
singularity. At this singular point, there is a single non-zero
vector, y, where Jy=0. This vector is of dimension n. Since there
is only one tangent the vector

must align with

V=122 Y55 Vi V)
w=(w,, Wy, Wy, W,,..w,) . Since
JWw=Aw=0

the n+1 ® component of the tangent vector w, ., =0ata
limit point (LP).

For a branch point, there must exist two tangents at the
singularity. Let the two tangents be z and w. This implies that

Az=0
Aw=0

Consider a vector v that is orthogonal to one of the tangents
(say w). v can be expressed as a linear combination of z and

w(v=az+ fw).Since Az=Aw=0 ; Av=0 and since

A
w and v are orthogonal, W' v=0. Hence BV = { T}v =0
which implies that B is singular.

A
Hence, for a branch point (BP) the matrix B = . | must
be singular. w

At a Hopf bifurcation point,

det2 f.(x,) @1,) =0

@ indicates the bialternate product while 7, is the n-square
identity matrix. Hopf bifurcations cause limit cycles and



Sridhar LN.,

should be eliminated because limit cycles make optimization
and control tasks very difficult. More details can be found in
Kuznetsov**2¢.

Hopf bifurcations cause limit cycles. The tanh activation
function (where a control value uisreplaced by ) (1 tanhu / €)
is used to eliminate spikes in the optimal control profiles?’ .
Sridhar®' explained with several examples how the activation
factor involving the tanh function also eliminates the Hopf
bifurcation points. This was because the tanh function increases
the oscillation time period in the limit cycle.

Multiobjective Nonlinear Model Predictive

Control(MNLMPC)

The rigorous multiobjective nonlinear model predictive
control (MNLMPC) method developed by Flores Tlacuahuaz,
et al.*> was used.

t; :tj’

Consider a problem where the variables Z q; (¢,) (=1L,

lico

2.n) have to be optimized simultaneously for a dynamic
problem

dx

—=F(x,u

o (x,u)

t # being the final time value and n the total number of
objective variables and u the control parameter.  The single
objective optimal control problem is solved individually

L=ty
optimizing each of the variables Z q; (l‘i) The optimization
ti=t, tico
of ij(t,-) will lead to the values q;
ti:(]
multiobjective optimal control (MOOC) problem that will be
solved is

Then, the

mln(zy:: ( i q; (ti) - Qj' ))2

lico

dx
subject to — = F(x,u);
J " (x,u)

This will provide the values of u at various times. The first
obtained control value of u is implemented and the rest are
discarded. This procedure is repeated until the implemented and
the first obtained control values are the same or if the Utopia

L=ty
%
point where ( Z q; (tl.) =(, forallj) is obtained.

Lio
Pyomo* is used for these calculations. Here, the differential
equations are converted to a Nonlinear Program (NLP) using
the orthogonal collocation method The NLP is solved using
IPOPT** and confirmed as a global solution with BARON?®.
The steps of the algorithm are as follows
L=ty
Optimize Z q; (¢,) and obtain g Iz
lizo
n o L=l
. *\\2
Minimize (Z(z q; (t)-q i )) and get the control
J=l i
values at various times.
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Implement the first obtained control values

Repeat steps 1 to 3 until there is an insignificant difference
between the implemented and the first obtained value of the

control variables or if the Utopia point is achieved. The Utopia
L=ty

point is when Z q; (t)= C]; for all j.

lico

Sridhar®*® demonstrated that when the bifurcation analysis
revealed the presence of limit and branch points tthe MNLMPC
calculations to converge to the Utopia solution . For this, the
singularity condition, caused by the presence of the limit or
branch points was imposed on the co-state equation®’. If the

minimization of {; lead to the value ¢, and the minimization
of ¢, lead to the value ¢, The MNLPMC calculations

*\2 *\2
will minimize the function (¢, —¢,)” +(¢,—¢,) The

multiobjective optimal control problem is

. . " _ dx

min (g, —¢q, )’ + (¢, _q2)2 subject to 7 = F(x,u)
t

Differentiating the objective function results in

d . . W d . W d .
((ql_Q1)2+(q2_qZ)2):2(q1_‘/1) (ql_q1)+2(qz_‘12) (ql_‘iz)
drx, drx, dx,

The Utopia point requires that both (ql -4, ) and (q2 - (]2)
are zero. Hence

d * 2 * 2
_((ql _ql) +(q2 _qz) )=0
dx,
The optimal control co-state equation is
d d * 2 * 2 .
E(’a’[) = _d_xi((% —4,) +(4,-9,) )~ [ A ﬂ;(t‘/) =0

. is the Lagrangian multiplier. is the final time. The
A; is the Lagrangian multiplier. £ is the final time. Th

1
first term in this equation is 0 and hence

d
) ==L A () =0

Atalimitorabranch point, for the set of ODE ? = f(x,u)
t
fx is singular. Hence there are two different vectors-values for

[ﬂv,] where di(ﬁi) >0 and di(ﬁ,i) <0 . In between there
t t

is a vector [ﬂv,] where di(ﬁvi) =( . This coupled with the
t

boundary condition ll-(tf) =0 will lead to [/11] =0 This
makes the problem an unconstrained optimization problem and
the optimal solution is the Utopia solution.

Results and Discussion

When bifurcation analysis was performed with ap as the
bifurcation parameter a Hopf bifurcation point was found at
(cv,ov, pv, av,tv,yv,dv, hv, &,ap) values ( 1.249626
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0.098359 1.502862 -1.431220 1.352159 -0.447452 -0.127160 0.040225 1.048587 -1.832801 0.513919 -2.157130 -1.934346
1.223140 0.890023 0.337072 ) (Curve AB in Figure 1a). When 0.925913 0.583575 1.147394 ) (Curve AB in Figure 1d). When
the bifurcation parameter was modified to aptanh(ap)/750, the the bifurcation parameter was modified to lptanh(lp)/30, the
Hopf bifurcation point disappears (curve CD in Figure 1b). Hopf bifurcation point disappears (curve CD in Figure 1d).
The tanh activation factor eliminates the Hopf bifurcation The tanh activation factor eliminates the Hopf bifurcation
point, validating the hypothesis of Sridhar*’. The limit cycle point, validating the hypothesis of Sridhar’! (Figure le). A
caused by this Hopf bifurcation point is seen in Fig. 1b. A limit point occurred for (Ip as the bifurcation parameter) at
limit point occurred for (ap as the bifurcation parameter) at (CV,OV, pv, av,tv,vv,dv, hv, 5,lp) values ( 49.965991
(cv,0v, pv, av,tv,vv,dv, hv, &,ap) values ( 72.271699 5.96851458.519954-2.734106 83.636483 44.294984 56.529178
7.366376 73.272255 -7.053591 103.239848 45.139939  61.58154570.863724 3.490324 ) (Figure 1f).

60.414400 78.622854 90.873995 3.247675 ) (Figure 1c). Hopf on AD disappears (CD) when Ip Is changed to Ip*tanh(Ip)/30

Hopf on (AB ) disappears (CD)when ap becomes aptanh(ap)/750

08 B

0.4 06

0.3 B 04

0.2 g 02

8 0.1 o b
o
H D
0.1l
3 / 10
2 AC o 8
1 R 4
ov o0 ap Figure 1d: Hopf on curve AB disappears (CD) when ap is

Figure 1a: Hopf on curve AB disappears (CD) when ap is Mmodified to Ip(tanh(lp))/30.
modified to ap(tanh(ap))/ 750. Limit cycle for Hopf bifurcation when Ip is bifurcation parameter

Limit cycle Hopf bifurcation (ap is bifurcation parameter)

1
ov v

Figure 1b: Limit cycle for Hopf bifurcation (ap is the bifurcation Figure le: Limit cycle for Hopf bifurcation (Ip is the bifurcation

parameter). parameter).
limit point (ap is bifurcation parameter) limit point when Ip is bifurcation parameter
\ AN

9 P
8
7

z6
5
4

3.25 40

30
3.1 o 20 3.4

3.15

50
o 40 X 3.05
ap Figure 1f: (limit point when Ip is the bifurcation parameter).
Figure 1c: (limit point when ap is bifurcation parameter).
For the MNLMPC ap and Ip are the control parameters
When bifurcation analysis was performed with Ip as the t=t, G=t, =t

bifurcation parameter a Hopf bifurcation point was found at and Z cv(t,), z Vv(ti)z vv(t,)  were maximized
(cv,0v, pv, av,tv,vv,dv, hv, 0,lp) values ( 1.986754 fi=0 fi=0 fi=0
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individually and each of them led to a value of 300. The

overall optimal control problem will involve the minimization
1=t

> tv(t,)—300)°

ti=t;

of (D ev(t,)-300)" + (Z‘: w(t,) —300)* +(

was minimized subject to the equations governing the model.
This led to a value of zero (the Utopia point). The MNLMPC
values of the control variables, ap and Ip were 4.925 and
6.34. The MNLMPC profiles are shown in (Figures 2a-2d).
The control profiles of ap and /p exhibits noise and this was
remedied using the Savitzky-Golay filter to produce the smooth
profiles apsg Ipsg The presence of the limit points is beneficial
because it allows the MNLMPC calculations to attain the Utopia
solution, validating the analysis of Sridhar*®.

— G\

ov

140 L

120

100

\

]

2 4 6 8 10
t

Figure 2a: MNLMPC (cv, ov, tv profiles).
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Figure 2b: (av tv vv profiles).
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Figure 2c¢: (dv vv delv profiles).
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Figure 2d: (ap apsg Ip Ipsg profiles).
Conclusions

Bifurcation analysis and multiobjective nonlinear control
(MNLMPC) studies on a Schizophrenia Model. The bifurcation
analysis revealed the existence of Hopf bifurcation points and
limit points . The Hopf bifurcation point, which causes an
unwanted limit cycle, is eliminated using an activation factor
involving the tanh function. The limit points (which cause
multiple steady-state solutions from a singular point) are very
beneficial because they enable the Multiobjective nonlinear
model predictive control calculations to converge to the Utopia
point (the best possible solution) in the models. A combination
of bifurcation analysis and Multiobjective Nonlinear Model
Predictive Control(MNLMPC) for a Schizophrenia Model is
the main contribution of this paper.
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